In the present work, elastic-plastic analysis of a crack paralleling a bonded plane interface between a coating and a semi-infinite substrate is carried out. The sub-interface crack is simulated by continuously distributed dislocations. The mixed mode Dugdale model is used to investigate the plastic zone sizes and the crack tip opening displacement. In the numerical examples, a uniform tensile load on the crack surfaces is considered, and the dependence of the plastic zone size and the crack tip opening displacement on the crack depth, the coating thickness and material properties is analyzed in detail. The numerical results show that a thinner coating will enlarge the plastic zone size and the crack tip opening displacement. And if the crack is far away from the interface, the values of the plastic zone size and the crack tip opening displacement tend to the corresponding values when the crack is embedded in a homogenous material.
Introduction
The coating-substrate composites have been widely applied in the aerospace industry (such as propulsion systems and airframes) and the electronic industry (for example, transducers, sensors, and actuators components). The mechanical behavior of the composites is highly influenced by the presence of the interface between dissimilar materials. Manufacturing imperfections may introduce cracks near or at the bonded interface that may lead to fracture initiation. Both theoretical analysis and experimental phenomenon indicate that a crack near an interface may propagate entirely within one of two materials when the fracture toughness of the material is lower than that of the interface. A lot of study has been devoted to investigating the sub-interface crack problem, especially when the crack is parallel to the interface of bonded materials. Erdogan (1971) first investigated the stress intensity factors and the propagation path of a crack paralleling the interface between two semi-infinite dissimilar materials. Then Cook and Erdogan (1972) , Tamate and Iwasaka (1975) obtained the solution for a crack perpendicular to the interface or an arbitrarily oriented crack subjected to different traction conditions. When a crack paralleling the interface between dissimilar materials was close to the interface, the formula for the Mode I and II stress intensity factors was derived by Hutchinson et al. (1987) . Taking a similar approach, Chen and Lardner (1993) , He and Hutchinson (1989) discussed the stress intensity factors, the energy release rate and the initiating behavior of a straight crack at an angle to the interface under several loading conditions. Suo and Hutchinson (1989) solved the stress intensity factors of a sub-interface crack embedded in a coating-substrate composite under edge loads. Lu and Lardner (1992) investigated the problem of a sub-interface crack under a focus force or a uniform load on the crack surfaces. In their work, the effects of material mismatches, the crack depth and the thickness of coating on the stress intensity factors and the energy release rate were discussed. Besides, several numerical techniques were applied to examining the problem of a sub-interface crack embedded in a coating-substrate composite which is made of dissimilar anisotropic materials (Choi and Earmme, 1996; Sung and Liou, 1995) . Xiao and Fan (2001) examined a special subinterface crack with a contact zone at the right crack tip, where the normal stress should be bounded, rather than singular. The problem of a sub-interface crack in a multilayered composite was also investigated in the literatures (Huang, 2003; Ryvkin, 1999) . Yang et al. (2008) analyzed the problem of a sub-interface crack in an anisotropic piezoelectric bi-material.
Most work as mentioned above is devoted to obtaining solutions for the stress intensity factor and the energy release rate. However, for most metal materials, fracture mechanics analysis will be more accurate if plastic zone corrections at crack tips are considered, and the crack tip opening displacement criterion may be used to judge if a fracture will take place. The Dugdale model (Dugdale, 1960) is used frequently to make plastic corrections for a crack embedded in isotropic, homogeneous materials under pure mode I loading. Recent works by Hoh et al. (2010 Hoh et al. ( , 2011 implemented the model to evaluate the PZS and the CTOD for a crack near a circle inclusion. Based on the mixed mode Dugdale model (Becker and Gross, 1988) , Yi et al. (2011) examined the PZS and the CTOD of a sub-interface crack in an infinite bi-material plate under uniform tensile loading.
In the present paper, we are dedicated to investigating the plastic zone size and the crack tip opening displacement of a crack paralleling the interface between a coating and a semi-infinite substrate. In Section 2.1, the distributed dislocation technique is implemented to solve Mode I and II stress intensity factors. The mixed mode Dugdale model and the approach to solving the plastic zone size and the crack tip opening displacement are depicted in Section 2.2. The dependence of the plastic zone size and the crack tip opening displacement on the crack depth, the coating thickness and material properties is analyzed in Section 3. Some conclusions are drawn in Section 4.
Formulation and modeling
2.1. Elastic stress analysis of a crack near the interface of a coatingsubstrate composite According to Bueckner's Principle, or Superposition Principle (Hills et al., 1996) , the stress fields along the crack line y = Àd due to (i) an edge dislocation with a Burger's vector b = by + ib x located at (0, Àd) near the interface of a coating-substrate composite, is equivalent to the superposition of two sub-problems ( Fig. 1 ):
(ii) two-bonded half-planes with an edge dislocation b = b y + ib x at (0, Àd) near its interface;
(iii) the coating-substrate composite without the edge dislocation but with an external traction Àr ⁄ (x) prescribed on the outer face of coating of thickness h, where r ⁄ (x) are the stresses along y = h calculated from structure (ii).
Formulas of superposition due to this single dislocation are given in Appendix.
When continuously distributed edge dislocations are used to model the sub-interface crack of length 2a with externally imposed traction on the crack faces r yy (x) + ir xy (x), as we can see from 
From the no-net-dislocation condition, one has
At both crack tips, the dislocation density tends to go infinity in a square root singular manner, thus components of B, B x and B y will be expressed as the product of a fundamental solution, which is 1= ffiffiffiffiffiffiffiffiffiffiffiffiffi 1 À s 2 p in our case, and unknown regular functions, / x (s) and / y (s) (Hills et al., 1996) :
Substituting (3) and (4) into (1) and (2), four singular integral equations with Cauchy kernels are obtained. Here the GaussChebyshev quadrature method is implemented to solve the singular integral equations numerically. (1) and (2) altogether can be transformed into 2n linear equations (Erdogan, 1978) given below:
¼ r yy ðt r Þ;
The definition of symbols K, P, Q 1 , Q 2 , R 1 , R 2 can all be seen in the Appendix. Since we anticipate a solution of B(s) which is singular at both ends, the set of n discrete integration points are given by (Hills et al., 1996) s k ¼ cos p
and the n À 1 collocation points are given by 
The Mode I and Mode II stress intensity factors are presented by,
To verify the correctness of our formulation, effects of the normalized crack depth d/a, the normalized coating thickness h/a, and the Dundurs' parameter a (b equals to zero) on the normalized stress intensity factors, K I /K I0 and K II /K I0 , are depicted in Fig. 3(a) and (b) separately. K I0 is the Mode I stress intensity factor when corresponding crack is embedded in isolated, homogenous material '2'. The number of discrete integration points n = 200 leads to a fairly convergent results of K I and K II . The crack surface is under uniaxial uniformly tensile loading (r yy ðxÞ ¼ r y ; r yy ðxÞ ¼ 0). It is observed that when h becomes infinite, and d/a is quite small, the curves tend to obey Hutchinson's universal relation related to the interfacial crack (Hutchinson et al., 1987) ; finite h with larger d/a will result in the stress intensity factors in accordance with Lu's corresponding results (Lu and Lardner, 1992) .
The current model with plastic zone corrections
Based on the analysis in Section 2.1, uniform tensile loading will induce both Mode I and Mode II stress intensity factors at the tips of a sub-interface crack. Thus, the mixed mode Dugdale's model (Becker and Gross, 1988 ) is introduced to make plastic zone corrections. Two plastic yield strips of length q are assumed located at left and right crack tips. The stresses applied in the plastic zone comprise of the normal stress r y and the shear stress s xy . Both stresses are assumed constant and either of them reaches the corresponding value that just cancels the singularity caused by applied loading at the crack tips.
For the current case, the crack length is 2a, with two plastic yield strips of length q separately beyond crack tips. The crack is subjected to the uniform tensile loading r y . Recalling Eq.
(1), the normal stress r yy and the shear stress r xy on the crack surfaces for the applied loading r y are illustrated as (shown in Fig. 4) r yy ðxÞ ¼ À r y ; r xy ¼ 0;
In the meantime, the closure normal stress r y and shear stress s xy distributions are expressed as, r yy ðxÞ ¼ r y ; r xy ðxÞ ¼ Às xy ; a < x < a þ q r yy ðxÞ ¼ r y ; r xy ðxÞ ¼ s xy : À a À q < x < Àa 
where r ys is the yield strength of the substrate.
The length of the plastic zones q, the normal stress r y and the shear stress s xy in the plastic zones can be determined through iterative procedure by satisfying Eq. (15) and the following equations
Here, K I , K II are the corresponding Mode I and II stress intensity factors caused by the applied loading r y . K Iq , K IIq are the stress intensity factors caused by the normal closure stress and the shear closure stress respectively in the plastic zones. The approach to solve the stress intensity factors has been depicted in Section 2.1.
The crack tip opening displacement d at both crack tips can be obtained by the following equation
Numerical examples and discussion
Our physical problem is presented here: a crack of length 2a is embedded in a substrate of material '2' with a depth of d under a coating of material '1'. The thickness of the substrate is assumed to be infinity, while the coating thickness is h. The whole system is under plane stress condition and the crack is under uniform tensile loading whose normalized value r y =r ys holding at 0.1 in our case. Effects of Dundurs' parameter a, the normalized crack depth d/(a + q), also the normalized coating thickness h/(a + q), on the normalized plastic zone size q/q 0 , and the normalized crack tip opening displacement d/d 0 , are examined in detail. Here, q 0 and d 0 are the corresponding values of the plastic zone size and crack tip opening displacement for a loaded identical crack embedded in pure homogeneous material '2', and can be expressed as (Anderson, 2005) 
where E 2 is Young's modulus of material '2'. As we can see, the accuracy of the numerical result is highly related to the number of collocation points distributed along the crack. To our knowledge, n = 2100 is accurate enough to represent a real crack with small scale yielding zones.
From the cases depicted in Figs. 5 and 6, when the crack depth d is ten times larger than the half-crack length a, all cases show that both plastic zone size and crack tip opening displacement approach to their respective values when the same crack is embedded in coat-free, homogeneous material '2'. In addition, cracks adjacent to a softer coating (a < 0) are more vulnerable than that with a stiffer coating (a > 0), since the former always have bigger plastic zone size and crack tip opening displacement than the latter.
When examining how the crack tip plastic zone size and opening displacement change along with the crack depth, under exactly the same loading but different coating thicknesses h/(a + q). We noticed that:
If the coating is more compliant than the substrate material On the contrary, if the coating is stiffer than the substrate (a > 0), a closer investigation is needed regarding to whether the normalized PZS and CTOD are larger or smaller than 1, and how they change with the size parameters. If the coating thickness is far below the crack length 2(a + q), as Figs. 5(a) and 6(a) show, where the coating thickness is only 1/5 the length of the crack, PZS and CTOD is larger than 1. Both the PZS and CTOD tend to increase along with the decrease of normalized crack depth. While as the coating thickness becomes equal, even larger than the crack length, both PZS and CTOD are smaller than 1. And also, Fig. 5(b) and (c), Fig. 6(b) and (c) indicate an opposite trend against all the above cases: when the crack approaches to the interface, PZS and CTOD of the crack are reduced slightly. In other words, if the coating is quite thin compared to the crack length, the substrate with a crack tends to be ''weak'' as the crack gets nearer to the interface; while when the coating is thick enough, the substrate becomes ''stubborn'' through decreasing crack depth. It is clear that in cases with a > 0, more concerns should be taken on coating thickness rather than the crack depth in fracture related issues.
Since our problem introduced two size parameters: the normal- 
reverse. In either figure, the fixed parameter value is set to be 2. It is noticed that the vertical reference dot line intersects with all six curves at exactly the same structure size (h/(a + q) = d/(a + q) = 2).
Two observations are listed here: (1) when the normalized coating thickness is fixed (see from (b) compare to (a)), if the argument value drops below 2, the difference of a leads to much higher difference in PZS and CTOD values. But if the argument value is larger than 2, a induces slightly lower difference in PZS and CTOD. In other words, if material's elastic mismatch is slightly changed, we could anticipate a small variation between their PZSs and CTODs through either the reduction of coating thickness or the increase of crack depth; (2) from Figs. 7(a) and 8(a), it is also noticed that crack tip PZS and CTOD values in structures of different material mismatches diverge along increasing h/(a + q).
Conclusions
In the current paper, based on the mixed mode Dugdale model, the PSZ and the CTOD of a crack embedded in the substrate and paralleling the interface of a coating-substrate composite has been investigated. The plane stress condition is considered and uniform tensile loading is applied. The dependence of the normalized plastic zone size q/q 0 and the normalized crack tip opening displacement d/d 0 on the normalized coating thickness h/(a + q), the normalized crack depth d/(a + q) and Dundurs' parameter a, is examined in detail. From the numerical results presented in the previous section, some conclusions are made as 1. When the crack is far away from the interface, regardless of other parameters, both the plastic zone size and crack tip opening displacement converge to the result when the crack is embedded in homogeneous material '2'. When the crack is close to the interface, a less stiff coating (compared to the substrate) will result in larger PZS as well as CTOD. 2. If the crack is embedded in the stiffer material (a < 0), both the normalized PZS and the normalized CTOD are larger than 1, and increase with decreasing the normalized crack depth or the normalized coating thickness. 3. If the crack is embedded in the less stiff material (a > 0), when the coating thickness is small (less than the crack length), the normalized PZS and the normalized CTOD are larger than 1 and increase by decreasing the normalized crack depth; when the coating thickness is larger some critical value, both the normalized PZS and the normalized CTOD are less than 1 and decrease with decreasing the normalized crack depth. 4. Dundurs' parameter a has less influence upon the PZS and the CTOD when the coating thickness is small.
Appendix A
See from Fig. 1 , for the sub-problem (ii), the stress field along the crack surface due to the single dislocation at (0, Àd) is (Hutchinson et al., 1987): r yy ðx; ÀdÞ þ ir xy ðx; ÀdÞ ¼
where
. a and b are Dundurs' parameters, defined
The subscript 1 and 2 refer to the coating and substrate materials respectively. l is the shear modulus, and j = 3 À 4m for plane strain and (3 À m)/(1 + m) for plain stress. m is the Poisson's ratio.
According to Suo's derivation (Suo and Hutchinson, 1989) , the sub-problem (iii) has the stress distribution along y = Àd in the substrate as: 
X 3 ¼ 0;
X 4 ¼ 0;
Y 3 ¼ 0;
In the above equations, H denotes the substrate thickness. As the crack length is 2a in our case, it is assumed H = 100a. It is much larger than the coating thickness h, which has the same order of magnitude with a.
After the superposition of (ii) and (iii), the overall stress at an arbitrary point (x, Àd) induced by a single dislocation at (0, Àd) in a coating-substrate composite could be expressed as following: r yy ðx; ÀdÞ þ ir xy ðx; ÀdÞ ¼
where F 1 = H 1 + G 1 , F 2 = H 2 + G 2 .
